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Reent advanes in ultra-old atomi Fermi gases make it possible to ahieve a fermioni superuid
with multiple spin omponents. In this ontext, any mean-eld desription is expeted to fail, owing
to the presene of tightly bound lusters or moleules that onsist of more than two partiles. Here
we present a detailed study of a strongly interating multi-omponent Fermi gas in a highly elongated
or quasi-one-dimensional harmoni trap, whih ould be readily obtained in experiment. By using
the exat Bethe ansatz solution and a loal density approximation treatment of the harmoni trap,
we investigate the equation of state of the multi-omponent Fermi gas in both a homogeneous and
trapped environment, as well as the density proles and low-energy olletive modes. The binding
energy of multi-omponent bound lusters is also given. We show that there is a peak in the
olletive mode frequeny at the ritial density for a deonning transition to a many-body state
that is analogous to the quark olor superondutor state expeted in neutron stars.
PACS numbers: 03.75.Ss, 05.30.Fk, 71.10.Pm, 74.20.Fg
I. INTRODUCTION
Reent experimental progress ahieved in trapped
ultra-old atomi gases provides a great opportunity for
exploring strongly interating many-body physis. Ow-
ing to the moleular Feshbah resonane [1℄, the strength
of the interations between atoms in dierent hyper-
ne states (or speies) an be arbitrarily hanged from
strong to weak oupling in a well-ontrolled manner.
Moreover, interations an be eetively tuned by us-
ing optial latties with a varying tunneling barrier [2℄.
Consequently, a number of many-body models in on-
densed matter physis and nulear physis an be read-
ily aessed in the ultra-old atomi gases. In the past
few years, onsiderable interest has been foused on
trapped two-omponent Fermi gases lose to a broad
Feshbah resonane. In partiular, the rossover from
Bardeen-Cooper-Shrieer (BCS) fermioni superuidity
of Cooper pairs to Bose-Einstein ondensation (BEC) of
tightly bounded moleules has been explored in great de-
tail [3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18℄.
Multi-omponent Fermi gases with more than two
speies an be easily trapped and manipulated as well.
For this type of Fermi gas, bound multi-body lusters are
expeted to appear above a ritial interation strength
[19℄, in addition to the formation of Cooper pairs due
to two-body pairing orrelations. As is well known,
a landmark theoretial result in quantum physis is E-
mov's predition of a universal set of bound trimer states
appearing for three idential bosons with a resonant two-
body interation [20℄. The existene of suh an Emov
resonane greatly hanges the properties of dilute Bose
gases, as observed reently in an ultraold gas of esium
atoms [21℄. Similarly, multi-body lusters are of funda-
mental importane to fermioni superuidity in multi-
omponent Fermi gases. While Cooper pairs are dom-
inant in the weak oupling limit, an exoti superuid
state with bound multi-body lusters should emerge in
the strong oupling regime. In between, a quantum phase
transition is then antiipated to take plae (as speied
for the three omponent ase in Ref. [22℄), in ontrast
to the smooth rossover observed in the two-omponent
ase [3℄.
This issue is relevant to outstanding problems in nu-
lear and partile physis. The quark model of nulear
matter at low density desribes nuleons as three fermion
lusters: tri-quark bound states. At suiently high den-
sity and pressure, it is onjetured that a phase-transition
ours to a deonned olor superuid phase of quark
matter [23, 24℄. This is believed to our in the inte-
rior of neutron stars and possibly in heavy-ion ollisions.
While quark matter has many other features, it is inter-
esting to nd that a physially aessible system of in-
terating ultra-old fermions is also expeted to display
these features of multi-body fermion lusters and quan-
tum phase-transitions. Ultra-old atoms ould provide a
means to test these theoretial preditions. If onrmed,
this would lend support to urrent ideas in partile the-
ory and astrophysis.
The desription of multi-body bound states is beyond
the generally adopted mean-eld framework, whih treats
ompetition between two-body orrelations among dier-
ent atom pairs. This, however, is of importane only in
the weak oupling limit. For strong oupling, the use of
numerial Monte Carlo tehniques is hampered by the
fermioni sign problem [25℄. It is therefore of great im-
portane to have an analytially soluble model of multi-
omponent Fermi gases, and to study both the weakly
and strongly interating regimes on an equal footing.
An exat analysis is provided in this paper for the ase
of multi-omponent Fermi gases in one dimension (1D),
where multi-body bound lusters are always present, re-
2gardless of the interation strength. Although the one di-
mensional analysis gives a smooth rossover rather than
a true phase transition, we believe that onsiderable in-
sight may be obtained for a three dimensional gas as well.
As well as being exatly soluble, the 1D problem has
great experimental relevane. A quantum degenerate
trapped two-omponent Fermi gas in quasi 1D has been
demonstrated reently by loading an ultra-old Fermi gas
into a two-dimensional optial lattie [26℄ of trapping
`tubes'. In this onguration, the radial motion of atoms
perpendiular to eah tube is frozen to zero-point osil-
lations due to tight transverse onnement, while axial
motion is only weakly onned. One then obtains an ar-
ray of eetive 1D systems, eah in an axial harmoni
trap. The manipulation of more than two speies in 1D
is within reah of present-day tehnology, and is likely to
be ahieved soon in experiments.
A typial example of these developments is lithium gas
[27℄, whih has favorable ollisional properties among its
lowest three hyperne spin states, denoted |1〉, |2〉 and
|3〉, respetively. A reent aurate measurement of the
sattering lengths between these hyperne states shows
that the bakground interations are anomalously large
[27℄, with bakground sattering lengths about −1500a0,
where a0 (= 0.0529177 nm) is the Bohr radius. There
are also three broad s-wave Feshbah resonanes loated
at the positions B = 834, 811, and 690 Gauss for (1, 2),
(2, 3), and (3, 1) hannels, respetively. These peuliar
ollisional properties are useful to ool the gas down to
the quantum degenerate regime. Ideally, one expets
experimentally aessible lowest temperatures for this
three-state mixture to be in the same range as for two-
omponent ensembles, i.e., T ≃ 0.05TF , where TF is
the Fermi temperature of an ideal Fermi gas. Thus, a
novel fermioni multi-omponent superuid may be an-
tiipated. For this reason, three-omponent lithium gas
has attrated a great deal of theoretial interest, inlud-
ing analysis of mean-eld states [28, 29, 30, 31, 32℄ as
well as phase diagrams [22, 33, 34, 35, 36, 37, 38, 39℄.
Here, we report on properties of a multi-omponent
Fermi gas in 1D. Firstly, using the exat Bethe ansatz
solution [40, 41, 42, 43℄, we investigate the exat ground
state of a homogeneous gas with attrative interations
at zero temperature. To make ontat with experiments,
we then onsider an inhomogeneous Fermi gas under har-
moni onnement, within the framework of the loal
density approximation (LDA). The equation of state of
the system in both the uniform and trapped ase are
investigated in detail. Partiular attention is drawn to
the density proles and low-lying olletive modes of the
trapped loud, whih are readily measurable in experi-
ment. We show that the gas beomes more attrative
as the number of speies inreases, demonstrating the
strongly interating nature of multi-body bound lusters.
A 1D multi-omponent Fermi gas in an optial lattie
was onsidered reently by Capponi and o-workers [37℄,
using both the analyti bosonization approah and the
numerial density matrix renormalization group method.
This lattie version of the 1D Fermi gas resembles the
system we onsider here. In partiular, it also features a
moleular superuid phase in the low density limit with
a strongly attrative interation [37℄.
The paper is organized as follows. In the following
setion, we outline the theoretial model for a 1D multi-
omponent Fermi gas. Of partiular relevane for an ex-
perimental realization is our alulation of the eetive
1D oupling onstant for the three-omponent lithium
gases. In Se. III, we present the exat Bethe ansatz
solution and disuss the equation of state and the sound
veloity of a uniform system at zero temperature. In Se.
IV, using the LDAmethod we investigate the density pro-
le and the equation of state in the trapped environment.
Also, we desribe the dynamis of trapped gases in terms
of 1D hydrodynami equations and develop a novel algo-
rithm to solve these equations. The behavior of low-lying
olletive modes is then obtained and disussed. We end
with some onluding remarks in Se. V. An appendix
is used to outline the details of the algorithm used in
solving the 1D hydrodynami equations.
II. MODELS
A quasi-1D multi-omponent Fermi gas in a highly
elongated trap an be formed using a two-dimensional op-
tial lattie [26℄. By suitably tuning the lattie depth, the
anisotropy aspet ratio λ = ωz/ωρ of two harmoni fre-
quenies an beome extremely small. This means that
the Fermi energy assoiated with the longitudinal motion
of the atoms is muh smaller than the energy level sepa-
ration along the transverse diretion, i.e., N~ωz ≪ ~ωρ
and kBT ≪ ~ωρ, where N is the total number of atoms.
In this limit, the transverse motion will be essentially
frozen out, and one ends up with a quasi-one dimensional
system.
A. Interation Hamiltonian
We study a gas with pseudo-spin S = (κ− 1) /2, where
κ (≥ 2) is the number of omponents. From now we shall
assume that the fermions in dierent spin states attrat
eah other via the same short-range potential g1Dδ(x).
Denoting the mass of eah fermion as m, with a total
fermion number N =
∑κ
l=1Nl (where Nl is the num-
ber of fermions with pseudo-spin projetion l) the rst
quantized Hamiltonian for the system is therefore
H = H0 +
N∑
i=1
1
2
mω2x2i . (2.1)
Here
H0 = − ~
2
2m
N∑
i=1
∂2
∂x2i
+ g1D
∑
i<j
δ(xi − xj) (2.2)
3represents the part of Hamiltonian in free spae with-
out the trapping potential mω2x2/2, while ω = ωz is an
osillation frequeny in the axial diretion. There is an
inter-partile attration between any two fermions with
dierent quantum numbers.
In an elongated trap, the 1D eetive oupling onstant
g1D is related to the 3D sattering length a3D. It is shown
by Bergeman et al. [44, 45℄ that
g1D =
2~2a3D
ma2ρ
1
(1−Aa3D/aρ) , (2.3)
where aρ =
√
~/(mωρ) is the harateristi osilla-
tor length in the transverse axis. The onstant A =
−ζ(1/2)/√2 ≃ 1.0326 is responsible for a onnement
indued Feshbah resonane [46℄, whih hanges the sat-
tering properties dramatially when the 3D sattering
length is omparable to the transverse osillator length.
It is onvenient to express g1D in terms of an eetive1D
sattering length, g1D = −2~2/ (ma1D), where
a1D = −
a2ρ
a3D
(
1−Aa3D
aρ
)
> 0. (2.4)
Note that in this denition of the 1D sattering length,
our sign onvention is opposite to the 3D ase.
In the homogeneous ase, we measure the interations
by a dimensionless oupling onstant γ, whih is the ratio
of the interation energy density eint to the kineti energy
density ekin [40℄. In the weak oupling, eint ∼ g1Dn and
ekin ∼ ~2k2/(2m) ∼ ~2n2/m, where n is the total linear
density of the gas. Therefore, one nds
γ = −mg1D
~2n
=
2
na1D
. (2.5)
Thus, γ ≪ 1 orresponds to the weakly interating limit,
while the strong oupling regime is realized when γ ≫ 1.
B. Cluster states
In the ase where all the fermions are distint - whih
is only possible if the number of fermions is less than or
equal to κ - the spatial wave-funtion an be ompletely
symmetri. This allows one to onstrut eigenstates with
idential symmetry to the exat solutions already known
for a one-dimensional Bose gas with attrative intera-
tions [47℄. This exeptionally simple limiting ase gives
useful physial insight into the multi-partile lusters.
These will be an essential feature in the physial prop-
erties of more general solutions. Aordingly, we may
onsider as a trial solution the loalized quantum soliton
state with wavefuntion:
Ψ(x1 . . . xκ) = exp
−c∑
i>j
|xi − xj |
 (2.6)
On alulating the eet of the many-body Hamilto-
nian, we nd that:
H0Ψ = EκΨ+
[
2~2c
m
+ g1D
]∑
i>j
δ (xi − xj)
Ψ ,
(2.7)
where the energy Eκ is:
Eκ =
−~2c2κ(κ2 − 1)
6m
. (2.8)
This symmetri state with an asymptoti exponentially
deaying wavefuntion in eah oordinate diretion is the
fundamental bound luster. The requirement for this to
be an eigenstate is simply:
c =
−mg1D
2~2
=
1
a1D
> 0 . (2.9)
In terms of this harateristi length-sale of a1D = 1/c,
one nds that the fundamental luster binding energy
an be written as:
ǫB =
~
2κ(κ2 − 1)
6ma21D
. (2.10)
These bound lusters an have either a fermioni or
bosoni harater, depending on whether κ is odd or
even. The binding energy sales quadratially with the
Hamiltonian oupling, and ubially with the number of
bound fermions, κ. Clusters are loalized relative to the
enter of mass, with a harateristi length sale of a1D.
One may reasonably expet some kind of physial tran-
sition to our when the linear density exeeds 1/a1D,
sine at high density the Pauli exlusion priniple will
not allow independent lusters to form.
Thus, we an expet this type of symmetri bound
state to predominate at low density, with a transition
to a radially dierent behaviour at high density. This
transition due to the Pauli exlusion priniple is a unique
feature of a 1D attrative Fermi gas, and does not our
in a 1D attrative Bose gas. By ontrast, in an attra-
tive Bose gas, lusters or quantum solitons an form with
arbitrary partile number. They have been already ob-
served with up to for N = 107 for photons in optial
bers [48℄, and N = 103 in the ase of ultra-old atoms
[49℄. However, learly this is not to be expeted in the
ase of fermions, where the spin multipliity limits the
size of this type of symmetri luster.
For κ = 3, here is a lose analogy between the sym-
metry properties of these bound lusters and the olor
symmetry properties of quark models in partile physis.
In the ase of quark matter, free nuleons are three-quark
bound states. However, at high density, it is onjetured
that there is a quantum phase-transition to a deonned
olor superondutor state [23, 24℄. This is expeted
physially at the ore of massive neutron stars or in
heavy-ion ollisions. Although we are interested mainly
4in the one-dimensional ase, where mostly a rossover
would be expeted due to dimensionality, we will show
that a similar type of deonning transition ours here
also.
C. Harmoni Trap
In the presene of a harmoni trap, we may hara-
terize the interations using the dimensionless oupling
onstant at the trap enter γ0. For an ideal Fermi gas
with equal spin population in eah omponent, the total
linear density is
nideal (x) = n
0
TF,κ
1− x2(
x0TF,κ
)2

1/2
, (2.11)
in the large-N Thomas-Fermi (TF) limit, where
n0TF,κ =
(2Nκ)
1/2
π
a−1ho , (2.12)
x0TF,κ =
(
2N
κ
)1/2
aho, (2.13)
are the enter linear density and the TF radius respe-
tively . Here aho =
√
~/(mω) is the harateristi os-
illator length in the axial diretion. We therefore nd
that:
γ0 =
(
2
κ
)1/2
π
[
1
N1/2
(
aho
a1D
)]
. (2.14)
To remove the dependene on the number of omponents
κ, we dene a dimensionless parameter
δ =
[
N
a21D
a2ho
]−1/2
(2.15)
to desribe the interations. Note that the parameter
δ depends inversely on the total number of partiles.
Hene, somewhat ounter-intuitively, the gas beomes in-
reasingly non-ideal with a dereasing number of atoms.
D. Parameter values
For experimental relevane, we now estimate inter-
ation parameters for the on-going experiments on 1D
lithium gases. Consider a gas of
6
Li atoms in 2D optial
lattie with a typial lattie spaing periodiity d = 532
nm. The transverse osillator length aρ is related to d
via aρ = d/(πs
1/4) [50℄, where s is the ratio of the lattie
depth to the reoil energy. Taking s = 10, this equation
yields aρ ≃ 95 nm. Empirially, the 3D sattering length
of
6
Li gases at these broad resonanes is given by
a3d = ab[1 +W/(B −B0)][1 + α(B −B0)] . (2.16)
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Figure 1: (Color online) One-dimensional interation param-
eters for a three-omponent lithium gas in a two-dimensional
optial lattie above the Feshbah resonanes. Above a mag-
neti eld B = 1000 Gauss, the dierene of interation pa-
rameters between dierent hannels beomes very small, i.e.,
(δ12− δ23)/δ12 < 0.06 and (δ12− δ13)/δ12 < 0.16. As a result,
a three-omponent lithium gas an be well desribed by our
exatly soluble model of 1D Fermi gases with a symmetri
interation.
Detailed values of the bakground sattering length ab,
resonane position B0, resonane width W , and leading-
order orretion α have been measured preisely by
Bartenstein et al. [27℄ for all three hannels. As an exam-
ple, we take a trapping frequeny of ω = ωz = 2π × 400
Hz, whih gives rise to aho = 2052 nm. The number of
atoms in one tube of the lattie an be approximately
of order N ∼ 100. Given these parameters, we use Eqs.
(2.4) and (2.15) to alulate δ. The estimated dimension-
less oupling onstants are shown in Fig. (1). Here, we
fous on the BCS side of the resonanes, and thus take
a magneti eld B > 834 Gauss. We nd that δ ∼ O(1),
i.e., the gas is in an intermediate interating regime. The
dierene in the interations between dierent hannels
turns out be small above 1000 Gauss. This justies our
hoie of the same ontat interation potential between
dierent hyperne spin states.
III. HOMOGENEOUS MULTI-COMPONENT
FERMI GASES
We rst onsider a uniform multi-omponent Fermi gas
in one dimension with symmetri inter-omponent inter-
ations. In this ase, the model is exatly soluble via the
Bethe ansatz [40, 41, 42, 43, 45, 51, 52, 53, 54, 55, 56, 57℄.
For simpliity, we assume that eah omponent has the
same number of partiles, i.e., Nl ≡ N/κ (l = 1, 2, · · · ,
κ = 2S + 1).
5A. Ground State
In the ground state, the partiles partition into groups
of κ fermions. In eah group, the fermions all have dier-
ent quantum numbers, and are bound together to form
a κ-body luster. Introduing a linear number density,
n = N/L, where L is the size of the system, the ground
state energy Ehom in the thermodynami limit is given
by [43, 56℄,
Ehom
L
=
~
2
2m
Q∫
−Q
dΛ
(
κΛ2 − κ
(
κ2 − 1)
3
c2
)
ρ (Λ) , (3.1)
where the oupling c = nγ/2 = 1/a1D and ρ(Λ) is the
quasi-momentum distribution of κ-body lusters with a
ut-o rapidity Q. The quasi-momentum distribution is
determined by an integral equation [43, 56℄,
ρ (Λ) =
κ
2π
−
κ−1∑
l=1
Q∫
−Q
dΛ′
2lcρ (Λ′)
(2lc)
2
+ (Λ− Λ′)2 , (3.2)
and is normalized aording to
n = κ
∫ Q
−Q
dΛρ(Λ), (3.3)
whih x the value of the ut-o rapidity. The last term
in Ehom is simply the ontribution from κ-body bound
states and is equal to −(n/κ)ǫκb, with binding energy
idential to that given in the single-luster result of Eq
(2.10):
ǫκb ≡ ~
2
2m
κ
(
κ2 − 1)
3
c2 =
κ
(
κ2 − 1)
6
~
2
ma21D
. (3.4)
We note that the binding energy of multi-omponent
lusters inreases rapidly with an inreasing number of
speies κ. In partiular, when κ ≥ 3 it is larger than
the pairing energy of κ (κ− 1) /2 Cooper pairs. In other
words, if the binding energy was solely due to Cooper
pairing, one would expet ǫCP = κ (κ− 1) ǫ2b/2, where
ǫ2b = ~
2/ma21D is the two-body binding energy. The in-
rease above this level is due to κ-body orrelations: κ
partiles interat more strongly with eah in a luster
than as isolated pairs of partiles.
B. Sound veloity
One the ground state energy is obtained, we alulate
the hemial potential µhom = ∂Ehom/∂N and the orre-
sponding sound veloity chom =
√
n(∂µhom/∂n)/m. The
sound veloity will be utilized later for prediting measur-
able olletive mode frequenies. For numerial purposes,
it is onvenient to rewrite these in a dimensionless form
that depends on the dimensionless oupling onstant γ
only,
Ehom
L
≡ ~
2n3
2m
[
e (γ)−
(
κ2 − 1)
12
γ2
]
, (3.5)
µhom ≡ ~
2n2
2m
[
µ (γ)−
(
κ2 − 1)
12
γ2
]
, (3.6)
chom ≡ ~n
m
c (γ) . (3.7)
These are related by,
µ (γ) = 3e (γ)− γ ∂e (γ)
∂γ
, (3.8)
c (γ) = µ (γ)− γ
2
∂µ (γ)
∂γ
. (3.9)
It is easy to see that for an ideal multi-omponent Fermi
gas,
Eidealhom
L
=
~
2n3
2m
(
π2
3κ2
)
, (3.10)
µidealhom =
~
2n2
2m
(
π2
κ2
)
, (3.11)
cidealhom =
~n
m
(π
κ
)
. (3.12)
Therefore, as units of energy and sound veloity, we de-
ne a Fermi energy εF,κ ≡ [~2n2/(2m)](π2/κ2) and a
Fermi veloity νF,κ ≡ [~n/m](π/κ).
C. Numerial solutions
The integral equation for the quasi-momentum distri-
bution has to be solved numerially. This was partly
arried out by Shlottmann in the κ = 4 ase, but for re-
strited values of the linear density n and oupling c [57℄.
Here, for ompleteness, we solve the integral equation for
a general oupling onstant γ. The asymptoti behavior
in the weak and strong oupling limits, not explored in
literature so far, will be disussed in detail.
To make the equation dimensionless, let us hange vari-
ables as follows [40℄:
Λ ≡ Qx; 2c ≡ Qλ; ρ (Λ) = g(x) . (3.13)
In terms of the new variables the quasi-momentum distri-
bution, normalization ondition, and ground state energy
6beome, respetively,
g (x) =
κ
2π
−
κ−1∑
ℓ=1
ℓ
π
+1∫
−1
dx′
λg (x′)
(ℓλ)
2
+ (x− x′)2 ,
λ = κγ
+1∫
−1
dxg (x) ,
e (γ) =
γ3
λ3
κ
+1∫
−1
dxx2g (x) . (3.14)
To obtain better numerial auray for the hemial po-
tential, it is useful to alulate the derivative of e (γ)
diretly. With this goal, we introdue λd = dλ/dγ and
gd(x) = dg(x)/dγ, whih satisfy the oupled equations
gd (x) = −
κ−1∑
ℓ=1
ℓ
π
+1∫
−1
dx′
{
λgd (x
′)
(ℓλ)
2
+ (x− x′)2
−
λdg (x)
[
− (ℓλ)2 + (x− x′)2
]
[
(ℓλ)
2
+ (x− x′)2
]2
 ,
λd =
λ
γ
+ κγ
+1∫
−1
dxgd (x) . (3.15)
The derivative of e (γ) is then obtained from
de
dγ
=
γ3κ
λ3
+1∫
−1
dxx2
[(
3
γ
− 3λd
λ
)
gd (x) + g (x)
]
. (3.16)
Numerially, the two set of integral equations, Eqs.
(3.14) and Eqs. (3.15), have been solved by deom-
posing the integrals on a grid with M = 1024 points
{xi;xi ∈ [−1,+1]}. For g(x), we start from a set of trial
distributions g(0)(xi), with orresponding parameters of
λ(0). Using the standard method for the integrals [40℄,
we obtain a new distribution g(xi), and update λ a-
ordingly. We iterate this proedure until g(xi) agrees
with the previous distribution within a ertain tolerane,
and nally alulate the energy funtion e(γ) using Eq.
(3.14). The integral equation of gd(x) an be solved in
the same manner, and nally Eq. (3.16) gives the deriva-
tive of the energy funtion de/dγ. We nd that these it-
erative proedures for solving the integral equations are
very stable. To obtain the sound veloity, the derivative
of the hemial potential has been alulated aurately
as a numerial derivative.
For an illustrative purpose, we show in Fig. (2) the
quasi-momentum distribution funtion g(x) as a funtion
of the oupling onstant (Fig. 2a) or as a funtion of the
number of omponents (Fig. 2b). As g(x) is an even
funtion, we plot only the part with a positive x. For a
large interation strength, its approahes κ/2π, while in
the weak oupling limit, it redues to 1/(2π). Below we
disuss this limiting behavior in detail.
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Figure 2: (Color online) Quasi-momentum distributions as a
funtion of the dimensionless oupling onstant (panel a) or
as a funtion of the number of omponents (panel b). The dis-
tribution approahes to κ/2pi for a large interation strength.
While in the weak oupling limit, it goes to 1/(2pi), but with
a sharp inrease at the boundary of x = ±1.
D. Strong oupling limit
For a strongly interating or equivalently, a low density
gas, in whih the dimensionless oupling onstant γ ≫ 1,
the value of λ in Eq (3.15) is extremely large. Thus, the
integral kernel lλ/π/[(lλ)2+(x−x′)2] beomes essentially
a onstant, 1/(πℓλ). In addition, the quasi-momentum
distribution funtion g(x) ≃ g0. Then, the integral equa-
tion redues to
g0 =
κ
2π
−
κ−1∑
ℓ=1
(
1
ℓ
)
2
πλ
g0. (3.17)
At the same time, λ = 2κγg0. Denoting Sκ =
(1/κ2)
∑κ−1
ℓ=1 ℓ
−1
, we nd that up to the order 1/γ3,
g (x) =
κ
2π
(
1− 2Sκ
γ
)
+O
(
1
γ3
)
, γ →∞. (3.18)
Note that the fator Sκ dereases rapidly as the number
of omponents inreases, and goes like Sκ ≃ lnκ/κ2 when
7Figure 3: Shemati diagram of interating bound lusters for
κ = 3, in the low density limit.
κ≫ 1. It is then straightforward to obtain that,
e (γ) =
π2
3κ4
(
1 +
4Sκ
γ
+
12S2κ
γ2
)
,
µ (γ) =
π2
κ4
(
1 +
16Sκ
3γ
+
20S2κ
γ2
)
,
c (γ) =
π2
κ4
(
1 +
8Sκ
γ
+
40S2κ
γ2
)
, (3.19)
and in dimensional form,
Ehom
N
= −
(ǫκb
κ
)
+
~
2n2
2m
π2
3κ4
[
1 +
4Sκ
γ
+
12S2κ
γ2
]
,
µhom = −
(ǫκb
κ
)
+
~
2n2
2m
π2
κ4
[
1 +
16Sκ
3γ
+
20S2κ
γ2
]
,
chom =
~n
m
π
κ2
[
1 +
8Sκ
γ
+
40S2κ
γ2
]1/2
. (3.20)
The rst term on the right hand side of the total en-
ergy and hemial potential is simply the binding energy
per partile of a 1D bound luster from Eq (2.10), while
the seond term arises from interations between lusters.
These are strongly repulsive due to the Pauli exlusion
priniple between idential fermions. In the innite ou-
pling onstant limit, the system behaves like a spinless
Tonks-Girardeau gas of bound lusters with hard-ore re-
pulsive interations. This is shown shematially in Fig
(3).
Eah luster has a density n/κ and mass κm [58℄, giv-
ing rise to a hemial potential ~
2π2(n/κ)2/(2κm) =
[~2/2m](π2/κ3). This is exatly κ times the seond term
in the hemial potential µhom. It is worth emphasiz-
ing that the ompressibility of the system remains pos-
itive for γ → ∞ as indiated by the rst term in the
sound veloity chom, (~n/m)(π/κ
2). This means that a
1D multi-omponent Fermi gas is mehanially stable,
even in the strongly attrative regime. In ontrast, the
mehanial stability of a strongly interating 3D multi-
omponent gas with κ ≥ 3 is not known exatly. It may
experiene ollapse for suient large number of ompo-
nents, as suggested by Heiselberg [59℄. The parity of the
number of speies κ may also play an important role on
inuening the stability in this limit. For the stable, 1D
ase treated here, this low-density regime is analogous to
the regime of isolated nuleons in QCD.
E. Weak oupling limit
The asymptoti behavior in the weak oupling limit is
more subtle. Numerial alulation in the small γ limit
suggests that g (x) → 1/(2π) and λ ∼ γ → 0. We then
expand the quasi-momentum distribution,
g (x) =
1
2π
+ f (x) , (3.21)
where f (x) = O(γ)≪ 1 satises,
f (x) =
κ− 1
2π
−
κ−1∑
ℓ=1
ℓ
π
+1∫
−1
dx′
λ
(ℓλ)2 + (x− x′)2
1
2π
−
κ−1∑
ℓ=1
ℓ
π
+1∫
−1
dx′
λ
(lλ)
2
+ (x− x′)2 f (x) . (3.22)
As λ→ 0, to the leading order ℓλ/π/[(ℓλ)2+(x−x′)2] ≃
δ(x− x′). Thus,
f (x) =
1
2πκ
κ− 1− κ−1∑
ℓ=1
+1∫
−1
dx′ (ℓλ/π)
(ℓλ)2 + (x− x′)2
 .
(3.23)
For small λ, the integral in f (x) is well approximated by,
ℓ
π
+1∫
−1
dx′
λ
(ℓλ)
2
+ (x− x′)2 ≃ 1−
2
π
ℓλ
1− x2 . (3.24)
We nd then to the order of γ,
f (x) =
κ− 1
2π2
λ
1− x2 , (3.25)
whih diverges at the boundary x = ±1. It is straight-
forward to show that,
+1∫
−1
dxg (x) =
1
π
− κ− 1
2π2
λ lnλ+ · · · ,(3.26)
+1∫
−1
dx
(
1− x2) g (x) = 2
3π
+
κ− 1
π2
λ+ · · · . (3.27)
Substituting these results into the energy funtion
e(γ), it is easy to obtain,
e (γ) =
π2
3κ2
− π (κ− 1)
κ2
λ− (κ− 1)
2
4κ2
λ2 ln2 λ. (3.28)
Reall that λ = κγ
∫ +1
−1 g (x) ≈ κγ/π. The equation of
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Figure 4: (Color online) Dependene of the uniform ground
state energy per partile (a), the hemial potential (b), and
the veloity of sound () on the dimensionless oupling on-
stant γ, at several number of speies as indiated. The en-
ergy and sound veloity are in units of the Fermi energy
εF,κ ≡ [~2n2/(2m)](pi2/κ2) and the Fermi veloity νF,κ ≡
[~n/m](pi/κ), respetively. Thin solid lines are the analyti
results in the two limiting ases for κ = 2, as desribed in Eq.
(3.20) and Eq. (3.29).
state and the sound veloity are nally given by,
Ehom
N
=
~
2n2
2m
[
π2
3κ2
− (κ− 1)
κ
γ − (κ− 1)
2
4π2
γ2 ln2 γ
]
,
µhom =
~
2n2
2m
[
π2
κ2
− 2(κ− 1)
κ
γ − (κ− 1)
2
4π2
γ2 ln2 γ
]
,
chom =
~n
m
π
κ
[
1− κ (κ− 1)
π2
γ
]1/2
, (3.29)
where the rst terms on the right hand side are identi-
al to an ideal (non-interating) multi-omponent Fermi
gas, as one might expet. Note that the binding energy
of bound lusters is of seond order in γ, and therefore
is not inluded in the above expressions. Two-body or-
relations are dominant in the weakly interating limit,
and give rise to the mean-eld Hartree-Fok attrative
orretions in the seond term on the right hand side.
The non-perturbative terms of order γ2 ln2 γ are beyond
mean-eld theory. This regime is analogous to the olor-
superondutor regime expeted in quark matter.
F. Numerial results
In Fig. (4), we give the equation of state and the
sound veloity as a funtion of the dimensionless ou-
pling onstant γ, obtained by numerially solving the in-
tegral equations. The ground state energy per partile
and the hemial potential are measured in units of one-
third of the Fermi energy and the Fermi energy, respe-
tively, while the sound veloity is in units of the Fermi
veloity. We onsider a number of omponents ranging
up to κ = 5 to show the overall trend.
Starting from the ideal gas results, the thermodynami
and dynami quantities derease with inreasing oupling
onstant, and nally saturate to the Tonks-Girardeau
(repulsive) gas limit, as already antiipated. The rate
of derease is muh faster as the number of omponents
κ inreases. This implies that the gas beomes more at-
trative when the number of partiles in the bound lus-
ter inreases. We show also in the gure the asymptoti
behavior in the two limiting ases for κ = 2 by thin solid
lines. These t fairly well with the full numerial results,
apart from a small intermediate interation region about
γ ∼ 1.
It is worth noting that in the strongly interating limit,
the properties of the uniform gas do not exhibit any
(even-odd) parity dependene on the number of speies
κ, beause of Tonks-Girardeau fermionization, as men-
tioned earlier. For a 1D multi-omponent gas in an op-
tial lattie, however, an entire dierent piture emerges
[37℄. Due to the loalization of the lattie in the strong at-
trative regime, the system either beomes an ideal Fermi
gas for odd κ, or an ideal Bose gas for even κ, exhibiting
a distint parity eet.
IV. MULTI-COMPONENT TRAPPED FERMI
GAS
To make quantitative ontat with on-going experi-
ments, it is ruial to take into aount the external har-
moni trapping potential Vtrap(x) = mω
2x2/2 , whih is
neessary to prevent the fermions from esaping. For a
large number of fermions, whih is likely to be N ∼ 100
experimentally, an eient way to take the trap into a-
ount is by using the loal density approximation (LDA).
Together with the exat homogeneous equation of state
9of a 1D multi-omponent Fermi gas, this gives an asymp-
totially exat results as long as N ≫ 1.
The basi idea of the LDA is that an inhomogeneous
gas of large size an be treated loally as innite matter
with a loal hemial potential. We may then partition
the loud into many bloks, in eah of whih the num-
ber of fermions is muh greater than unity. Provided
the variation of the trap potential aross eah blok is
negligible ompared with the loal Fermi energy, any in-
terfae eets may be safely negleted. Thus, eah blok
is un-orrelated with the others. We note that in 1D the
interfae energy sales as N−1 ompared to the total en-
ergy, and thus the LDA beomes valid provided N ≫ 1.
In detail, the LDA amounts to determining the hem-
ial potential µ from the loal equilibrium ondition
[45, 51, 52℄,
µhom [n(x)] +
1
2
mω2x2 = µg, (4.1)
under the normalization restrition,
N =
∫ +xTF
−xTF
n (x) dx, (4.2)
where n (x) is the total linear number density and is
nonzero inside a Thomas-Fermi radius xTF . We have
used the subsript g to distinguish the global hemi-
al potential µg from the loal hemial potential µhom.
Rewriting µhom into the dimensionless form µ[γ (x)],
where γ (x) = 2/[n (x) a1D], we nd that
−
(
κ2 − 1)~2
6ma21D
+
~
2n2 (x)
2m
µ [γ (x)]+
1
2
mω2x2 = µg. (4.3)
The rst term on the left hand side is simply the bind-
ing energy, and auses a onstant shift to the hemial
potential. To solve the LDA equations, it is simplest to
transform into a dimensionless form, by dening
µ˜g = µg
ma21D
~2
+
(
κ2 − 1)
6
, (4.4)
x˜ =
a1Dx
a2ho
, (4.5)
n˜ = na1D, (4.6)
where the binding energy is now absorbed in the re-
denition of hemial potential. Thus, the loal equi-
librium ondition beomes,
n˜2(x˜)
2
µ [γ (x˜)] +
x˜2
2
= µ˜g, (4.7)
where the dimensionless oupling onstant now takes the
form, γ (x˜) = 2/n˜(x˜). Aordingly, the normalization
ondition is given by∫ +x˜TF
−x˜TF
dx˜n˜(x˜) = N
a21D
a2ho
=
1
δ2
, (4.8)
where δ is the interation parameter for a trapped gas
dened earlier in Eq. (2.15). It is lear that the LDA
equations are ontrolled by a single parameter δ: δ ≪ 1
orresponds to the weakly oupling limit, while δ ≫ 1
orresponds to the strongly interating regime.
The numerial proedure of solving the LDA equations
is straightforward. For a given interation parameter δ,
and initial guess for µ˜g, we invert the dimensionless loal
equilibrium equations to nd γ(x˜) and the linear density
n˜ (x˜) = 2/γ (x˜). The hemial potentials µ˜g are then
adjusted to enfore the number onservation, giving a
better estimate for the next iterative step. The iteration
is ontinued until the number normalization ondition is
satised within a ertain range.
A. Density proles and the equation of state
The asymptoti behavior of density proles an be de-
termined analytially in the strong and weak oupling
limits. In the strong interation regime of δ ≫ 1,
µ (γ) = (π2/κ4)[1 + 16Sκ/(3γ)], and the loal equilib-
rium ondition is given by,
n˜2 (x˜)
2
π2
κ4
[
1 +
16Sκ
3γ (x˜)
]
+
x˜2
2
= µ˜g. (4.9)
In the innite oupling limit of Tonks-Girardeau gas,
where γ (x˜)→∞ and therefore the seond term in µ (γ)
vanishes, the density prole takes the form,
n˜TG (x˜) =
√
2κ
πδ
(
1− κ
2δ2
2
x˜2
)1/2
, (4.10)
and the global hemial potential is,
µ˜(0)g =
1
κ2δ2
. (4.11)
The inlusion of the next order of 1/γ in µ (γ) leads to
a density variation ∆n˜ (x˜), as well as a hange in the
hemial potential∆µ˜g. Linearizing the loal equilibrium
ondition, we nd that,
∆n˜ (x˜) =
κ4
π2
∆µ˜g
n˜TG (x˜)
− 8Sκ
3
[n˜TG (x˜)]
2
. (4.12)
Number onservation
∫
dx˜∆n˜(x˜) = 0 yields,
∆µ˜g =
64
√
2Sκ
9π2κδ3
. (4.13)
Restoring the equations to dimensional form, the density
prole of a strongly interating gas beomes,
n (x)δ≫1 = nTG (x) + ∆n (x) , (4.14)
where
nTG (x) =
√
κn0TF,κ
1− κx2(
x0TF,κ
)2

1/2
, (4.15)
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Figure 5: (Color online) Density proles of a 1D trapped
multi-omponent Fermi loud at three interation parameters
δ = 0.1 (a), δ = 1.0 (b), and δ = 10 (). The linear density
and the oordinate are in units of the peak density n0TF,κ and
Thomas-Fermi radius x0TF,κ of an ideal gas, respetively.
is the prole of a spinless Tonks-Girardeau gas, and the
density variation,
∆n (x) =
32
√
2κ3/2Sκ
9π2δ
n0TF,κ

1− κx2(
x0TF,κ
)2

−1/2
−3π
4
1− κx2(
x0TF,κ
)2

 . (4.16)
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Figure 6: (Color online) Thomas-Fermi radius, in units of
x0TF,κ, as a funtion of the interation parameter, at several
number of omponent as indiated.
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Figure 7: (Color online) Chemial potential as a funtion of
the interation parameter δ. It is in units of EF,κ = N~ω/κ.
Thin solid lines are the analyti results in the two limiting
ases for κ = 2, as desribed in Eqs. (4.17) and (4.21).
Aordingly, the hemial potential takes the form,
µδ≫1g = −
(
κ2 − 1)~2
6ma21D
+
N~ω
κ2
[
1 +
64
√
2κSκ
9π2
1
δ
]
.
(4.17)
where the rst term on the right hand side is again from
the binding energy, while the seond term orresponds
to the hemial potential of a spinless Tonks-Girardeau
gas of bound lusters. For later referene, we alulate
the mean-square size of the loud
〈
x2
〉
=
∫
dxx2n(x)/N
using the strongly interating density prole n (x)δ≫1,
and nd that,
〈
x2
〉
δ≫1 =
N
2κ2
a2ho +
32
√
2Sκ
15π2κ
N3/2a1Daho. (4.18)
The density prole of a weakly interating gas an be
alulated in the same manner. The leading order on-
tribution is simply the ideal gas result, nideal(x), and the
11
Hartree-Fok orretion to the hemial potential gives
rise to a density variation whih is proportional to the
interation strength g1D. Expliitly, we nd that,
n (x)δ≪1 = nideal (x) + ∆n (x) , (4.19)
where
∆n (x) =
2κ (κ− 1)
π2a1D
1− 2/π√
1− x2/
(
x0TF,κ
)2
 .
(4.20)
The hemial potential is given by,
µδ≪1g =
N~ω
κ
[
1− 4
√
2κ (κ− 1)
π2
δ
]
. (4.21)
The mean-square size of the loud is found to be,
〈
x2
〉
δ≪1 =
N
2κ
a2ho −
4
3
√
2
κ
κ− 1
π2
N1/2
a3ho
a1D
. (4.22)
Fig. (5) plots numerial results for the density proles
at three interation parameters and at dierent number
of speies as indiated. The linear density and the oordi-
nate are in units of the peak density n0TF,κ and Thomas-
Fermi radius x0TF,κ of an ideal gas, respetively. With
inreasing interation parameter δ (from Figs. (5a) to
(5)), the density proles hange from an ideal gas distri-
bution to a strongly interating Tonks-Girardeau prole.
At the same interation parameter, the density proles
beome sharper and narrower as the number of speies
κ inreases. We display also the Thomas-Fermi radius
of the loud in Fig. (6) as a funtion of the interation
strength. It dereases monotonially from the ideal gas
result x0TF,κ to the Tonks-Girardeau predition x
0
TF,κ/
√
κ
as the interation parameter inreases, thus inreasing
the ompressive fore of the attrative interations.
Fig. (7) reports the dependene of the hemial po-
tential on the interation strength, at several numbers of
speies as indiated. Here, for larity we have subtrated
the binding energy part of the hemial potential. For
κ = 2, we show the asymptoti behavior given by Eqs.
(4.17) and (4.21) by thin solid lines. They t very well
with the numerial results, exept at the intermediate
interation regime.
B. Low-lying olletive modes
Experimentally, a useful way to haraterize an inter-
ating system is to measure its low-lying olletive exita-
tions of density osillations. For a uniform gas, the low-
lying olletive exitations are simply the sound waves
with energy Ω(k) = c |k| for a given momentum k < kF ,
whih is gapless as k → 0. In traps, however, the spe-
trum beomes disrete, due to the nite loud size of the
gas that is of order x0TF,κ. There is a minimum value of
the momentum kmin ∼ 1/x0TF,κ. Taking a sound veloity
at the trap enter c ∼ (~n0TF,κ/m)(π/κ), one nds that,
Ω(kmin) ∼
~n0TF,κ
m
π
κ
1
x0TF,κ
= ω, (4.23)
omparable to the energy level of the harmoni trap.
Sine the harge degree of freedom of the gas falls into
the Luttinger liquid universality lass, quantitative al-
ulations of the low-lying olletive exitations in traps
an be arried out based on the superuid hydrodynami
desription of the dynamis of the 1D Fermi gas [51, 60℄.
In suh a desription, the density n (x, t) and the veloity
eld v (x, t) satisfy the equation of ontinuity
∂n (x, t)
∂t
+
∂
∂x
[n (x, t) v (x, t)] = 0, (4.24)
and the Euler equation
m
∂v
∂t
+
∂
∂x
[
µhom (n) + Vtrap (x) +
1
2
mv2
]
= 0. (4.25)
We onsider the utuations of the density and the velo-
ity eld about the equilibrium ground state , δn (x, t) =
n (x, t) − n(x) and δv (x, t) = v (x, t) − v(x) = v (x, t),
where n(x) and v(x) ≡ 0 are the equilibrium density
prole and veloity eld. Linearizing the hydrodynami
equations, one nds that [60℄,
∂2
∂t2
δn (x, t) =
1
m
∂
∂x
{
n
∂
∂x
[
∂µhom(n)
∂n
δn (x, t)
]}
.
(4.26)
The boundary ondition requires that the urrent
j(x, t) = n(x)δv (x, t) should vanish identially at the
Thomas-Fermi radius x = ±xTF . Considering the nth
eigenmode with δn (x, t) = δn (x) exp [iωnt] and remov-
ing the time-dependene, we end up with an eigenvalue
problem, i.e.,
1
m
d
dx
{
n
d
dx
[
∂µhom(n)
∂n
δn (x)
]}
+ω2nδn (x) = 0. (4.27)
We develop a powerful multi-series-expansion method
to solve the above 1D hydrodynamis equation, as out-
lined in detail in the Appendix. The resulting low-lying
olletive mode an be lassied by the number of nodes
in its eigenfuntion, i.e., the number index n. The
lowest two modes with n = 1, 2 have very transparent
physial meaning. These are respetively the dipole and
breathing (ompressional) modes, whih an be exited
separately by shifting the trap enter or modulating the
harmoni trapping frequeny. The dipole mode is not af-
feted by interations aording to Kohn's theorem, and
has an invariant frequeny preisely at ω1 = ω.
The low-lying hydrodynami modes of a two-
omponent Fermi gas in the weak and strong oupling
limits have been disussed analytially by Minguzzi [61℄.
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Figure 8: (Color online) Frequeny orretions (with respet
to the ideal gas value) of the lowest breathing modes δωB as a
funtion of the dimensionless oupling parameter δ, at several
number of speies as indiated.
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Figure 9: (Color online) Interation strength dependene of
the frequeny orretions δωn = ωn − nω of the low-lying
olletive modes of a 1D three-omponent Fermi gas. Thin
solid lines are the analyti sum-rule expansions for the weakly
and strongly interating limits, as desribed in Eqs. (4.29)
and (4.30), respetively.
In both limits, the loud behaves like a spinless ideal
Fermi gas. Therefore, the frequeny ωn of the mode n
is xed to nω. This result applies to a multi-omponent
1D Fermi gas as well.
Fig. (8) shows the interation dependene of frequen-
ies of the breathing mode for a multi-omponent gas
with dierent numbers of omponents. Here, to stress the
role of interations, the deviation of the mode frequeny
from its ideal result, δωB = ωB − 2ω, has been plot-
ted. As a funtion of the interation parameter, a peak
in δωB emerges at the intermediate interation regime
δ ∼ 1. The peak value inreases with inreasing the
number of omponents κ. This peak is a lear signature
of the ross-over from a regime of multi-partile lusters
to a olor quasi-superondutor.
Fig. (9) shows the frequeny orretion δωn = ωn−nω
of the low-lying modes of a three-omponent gas as a
funtion of the interation strength. The dipole mode
frequeny is always ω, as expeted, while all other modes
show a non-trivial peak struture, similar to that of the
breathing mode. It is evident that the higher mode index
n is, the larger frequeny orretion.
As an alternative to the numerial solution of the 1D
hydrodynami equation, the frequeny of the breathing
mode may be obtained by applying the ompressibility
sum-rule. As long as the breathing mode exhausts all
the weights in the dynami struture fator, the mode
frequeny an be alulated aording to [45, 60℄,
ω2B = −2
〈
x2
〉
d 〈x2〉 /dω2 . (4.28)
We have performed suh alulations. The resulting fre-
queny agrees extremely well with that from solving the
1D hydrodynami equation, with a relative dierene less
than 10−4. Suh a good agreement gives strong support
to the appliation of the sum-rule. To gain further insight
of the breathing mode frequeny, we use the sum-rule to
obtain analytially the rst order orretion to the fre-
queny for the weak and strong oupling limits. This
an be done by substituting the expression for the mean-
square size of the loud in Eqs. (4.18) and (4.22) into
the sum-rule formalism (4.28). Replaing aho =
√
~/mω
and taking the derivative with respet to ω2, we nd that
ωδ≫1B = 2ω
(
1 +
16
√
2κSκ
15π2
1
δ
)
, (4.29)
for the strongly interating limit, and
ωδ≪1B = 2ω
[
1 +
2
√
2κ (κ− 1)
3π2
δ
]
, (4.30)
for the weak oupling regime. Thin solid lines in Fig.
(9) show the resulting analyti expansions for δωB for a
three-omponent Fermi gas. These expansions desribe
very well the breathing mode frequeny over a fairly large
range of interation strengths, but break down at the
intermediate oupling regime δ ∼ 1.
V. CONCLUSION
In onlusion, we have investigated the properties of
1D attrative multi-omponent Fermi gases, based on the
Bethe ansatz exat solution, in a homogeneous environ-
ment. This was extended to inlude a harmoni trap, by
using the loal density approximation. The equation of
state of the system has been disussed in detail, as well as
some dynamial quantities, inluding the sound veloity
and low-lying olletive modes.
We have drawn attention to the formation of multi-
body bound lusters, whih are always present in a 1D
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attrative multi-omponent gas. These lusters are not
well understood, as their desription is beyond the mean-
eld theory. We have found that suh multi-body lus-
ters have signiant impat on the equation of state and
dynami behavior of the systems. In partiular, as the
number of partiles in the lusters inrease, the gas turns
out to be inreasingly attrative ompared to a sim-
ple Cooper-pairing senario. This is suggestive of the
strongly interating nature of the bound lusters.
There is a lose analogy between the proposed proper-
ties of QCD at high density, and the results we alulate
for a three-omponent Fermi gas in 1D. In both ases
there is a transition between disrete multi-partile lus-
ters (nuleons) to a oherent quasi-superuid (olour su-
perondutor), as the density inreases. For the 1D ase,
both the high and low density limits result in free partile
dynamis, with dierent multipliities. This gives simple
olletive mode behaviour in either limit. However, the
transition region with γ ≃ 1 an show very strong evi-
dene of a transition. This is due to an easily observed
peak in the olletive breathing mode frequeny.
Our results should be useful for the future experiments
on 1D multi-omponent atomi Fermi gases. An exam-
ple of partiular interest is three-omponent lithium gas,
whih has three broad Feshbah resonanes. Our esti-
mate of the relevant parameters suggests that an ultra-
old gas of
6
Li atoms in an optial lattie, above a mag-
neti eld B = 1000 Gauss, an be nearly desribed by
the urrent model. Our predition of the density proles
and low-lying olletive modes, provide a useful hara-
terization of an interating 1D three-omponent Fermi
gas. We expet this to be testable in a future experi-
ment.
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Appendix
In this appendix, we outline the proedure of solving
the 1D hydrodynami equation,
1
m
d
dx
{
n
d
dx
[
∂µhom(n)
∂n
δn (x)
]}
+ ω2nδn (x) = 0, (5.1)
with the boundary ondition that the urrent j(x) ∝
∂x{δn (x) ∂µhom[n(x)]/∂n(x)} must vanish at x = ±xTF .
It is onvenient to introdue a funtion,
f (x) ≡ ∂µhom [n (x)]
∂n (x)
δn (x) , (5.2)
and rewrite the hydrodynami equation in the form,
x
d2f
dx2
+ x
d ln [n(x)]
dx
df
dx
+
(ωm
ω
)2 ω2x
c2(x)
f = 0, (5.3)
where c(x) = [n(x)∂µhom[n(x)]/∂n(x)/m]
1/2
is the loal
sound veloity at position x. Let us introdue A (x) ≡
ln [n(x)], A1 (x) ≡ −ω2x/c2 (x), and νm ≡ ωm/ω. Then
the above equation beomes,
x
d2f
dx2
+ x
dA
dx
df
dx
− ν2mA1 (x) f = 0. (5.4)
Here the variable x ∈ [−xTF ,+xTF ]. Note that for our
spei ase, A1 (x) = dA(x)/dx, due to the loal equi-
librium ondition.
To solve the equation, one may wish to hange x to a
new variable y ∈ [0, 1]. This an be done by two steps.
First, we dene f (x) ≡ xlυ (x), where l = 0 or 1 orre-
sponds to the parity of the modes. Translating to υ (x),
we have (now x ∈ [0,+xTF ]),
x
d2υ
dx2
+
(
2l + x
dA
dx
)
dυ
dx
−
[
ν2mA1 − l
dA
dx
]
υ = 0. (5.5)
At the seond step, we dene y ≡ (x/xTF )2 and hange
to the new variable y. After some straightforward alu-
lations, we obtain the following equation for υ (y),
y (1− y)2 d
2υ
dy2
+ (1− y)2
[
∆+ y
dA
dy
]
dυ
dy
+
1
2
(1− y)2
[
l
dA
dy
− ν2mA˜1 (y)
]
υ = 0 , (5.6)
where ∆ ≡ l + 1/2 and A˜1 (y) ≡ A1(y)/
(
2y1/2
)
. In
pratise, the value of dA/dy an be alulated as follows,
dA
dy
≡ −mω
2x2TF
2
[
1
n∂µhom[n]/∂n
]
n=n(x=xTF
√
y)
.
(5.7)
Note that in our ase A˜1 (y) = dA/dy. Here, we multiply
a fator of (1− y)2 on both sides of Eq. (5.6), in order
to remove the singularity of dA/dy and A˜1 (y) at point
y = 1.
We develop a multi-series-expansion method to solve
the eigenvalue problem Eq. (5.6). As the urrent van-
ishes at the Thomas-Fermi boundary, the eigenfuntion
of Eq. (5.6) should not be singular at y = 1. As well, we
require that the eigenfuntion has to take a nite value
at y = 0. As we shall see, these two boundary onditions
give rise to a set of the disrete spetrum, as well as a
omplete set of the eigenfuntions.
To apply the boundary onditions, we divide the whole
region [0, 1] into many piees, for example, M parts,
[0, 1] = [y0 = 0, y1] ∪ [y1, y2] ∪ ... ∪ [yM−1, yM = 1]. We
look for the solution in the form,
υ (y) =
∞∑
n=0
ain (y − yi)n , if y ⊂ [yi, yi+1] . (5.8)
14
Hene, the two boundary onditions translate to the re-
quirement of a well-onvergent series of {ain} at both
the starting region [y0 = 0, y1] and the ending region
[yM−1, yM = 1]. The basi idea of solving the eigenvalue
problem is then lear. We use the strategy of try and
test. Given the parity l, we make an initial guess for
νm, and setup the series {ain} at the starting region
[y0 = 0, y1], and then propagate it to the ending region of
[yM−1, yM = 1]. If the series onverges at y = 1, then we
nd a orret eigenvalue and eigenfuntion of the prob-
lem. Otherwise, we san the value of νm, until all the
required low-lying eigenvalues are found.
In greater detail, we apply the try and test strategy as
follows. (A) At rst, let us approximate, at eah region
[yi, yi+1],
− (1− y)2 dA
dy
= p˜0 + p˜1y + p˜2y
2, (5.9)
−(1− y)2A˜1 (y) = q˜0 + q˜1y + q˜2y2. (5.10)
To make the expansion aurate, generally we take M ∼
30. By introduing a new variable z = y − yi, at the
region [yi, yi+1] we an ast the Eq. (5.6) into the form, 3∑
j=0
rjz
j
 d2υ
dy2
+
 3∑
j=0
pjz
j
 dυ
dy
+
 3∑
j=0
qjz
j
υ = 0,
(5.11)
where the oeients {ri} , {pi} and {qi} an be alu-
lated diretly from {p˜i} and {q˜i} in the program. We
then substitute the solution υ (z) =
∑∞
n=0 ainz
n
into the
above equation to obtain the iterative relation (without
onfusion, here we denote an ≡ ain for this region),
an+2 = − (n+ 1) (nr1 + p0)
(n+ 2) (n+ 1) r0
an+1
− [n (n− 1) r2 + np1 + q0]
(n+ 2) (n+ 1) r0
an
− [(n− 1) (n− 2) r3 + (n− 1) p2 + q1]
(n+ 2) (n+ 1) r0
an−1
− [(n− 2) p3 + q2]
(n+ 2) (n+ 1) r0
. (5.12)
We need to lassify two ases. (i) In the starting region
of y0 = 0, we have r0 = 0 due to the boundary ondition.
Up to an overall irrelevant fator, we an set a0 = 1 and
then a1 = −q0/p0. (ii) In the other regions, a0 and a1
are determined by the ontinuous onditions as stated
below. One a0 and a1 are known, we ould obtain all
the values of an by Eq. (5.12) sine a−1 = a−2 = 0.
Usually it is already suiently aurate to keep n ≤
nmax = 16. (B) The series {ain} at dierent regions
are onneted by the requirement that the funtion υ (y)
and its rst derivation υ′ (y) should be ontinuous at the
point {yi}, where the index i runs from 1 to M − 1. (C)
In this way, we an nally obtain the series {ain} at the
region [yM−1, yM ]. We judge the onvergene by heking
whether the value of aM,nmax is suiently small or not.
In pratise, the above proedure of solving the 1D hy-
drodynami equation of a multi-omponent Fermi gas is
very eient and aurate. It an be applied as well to
other 1D systems, suh as the 1D interating Bose gas,
and to the 3D systems in spherial harmoni traps.
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